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The Lyapunov-function method is used to investigate the stability of systems with distributed parameters and lumped forces 
described by linear partial differential equations (for example, elastic structures with lumped masses, dampers, elastic aircraft 
with rigid control rudders, etc.). By introducing additional variables, the initial equations of high order are represented by a system 
of evolution equations and constraint equations, which are first-order partial differential equations. At the points where the lumped 
forces are applied, certain phase functions experience a discontinuity of the first kind and matching conditions are satisfied. A 
method for stability investigation is developed for these systems. The change to first-order equations helps to construct the 
Lyapunov functionals. As an example, the stability of torsional vibrations of an elastic aerofoil with a suspended engine is 
considered. © 2002 Elsevier Science Ltd. All rights reserved. 

1. S T A T E M E N T  OF THE P R O B L E M  

Consider a system of first-order partial differential equations 

~(P = A-~xx + B~x + AotP+ Bo~, CO~P + D ~ +Coq)+ DoV=O ~t bx dx 

x~(O,1) xi~O, i= l , f ,  t~ l=[O,  oo) 

(1.1) 

where q) = tp(x, t) is an n-dimensional vector of phase functions, q) = q)(x, t) is an s-dimensional vector 
of phase functions whose time derivatives do not occur in system (1,1), A(x), B(x), C(x) and D(x) are 
matrices whose elements are bounded measurable functions together with their first derivatives, and 
Ao(x), Bo(x), 
Co(x) and Do(x) are matrices whose elements are bounded measurable functions. 

Any linear partial differential equation of arbitrary order, or system of such equations, may be reduced 
to the form of (1.1) by introducing additional variables [1, 2]. The second equation of (1.1) appears 
not only because the order of the partial derivatives is reduced, but also owing to those equations without 
time derivatives that may occur in the initial system. An example is the equation of continuity when 
describing incompressible fluid flow, etc. 

The following homogeneous boundary conditions are given at x = 0 and x = 1 

Fl~0(O,t)+l"2~(0,t) = 0, F3q~(1,t)+ F4~(l,t) = 0 (1.2) 

where 1-" 1 . . . .  F 4 are matrices of constants. 
Suppose at points x = xi(i = 1---7) the system is subject to lumped forces, which depend on the phase 

functions and, in the case of forces of inertia, also on the first time derivatives of the phase functions. 
At these points some of the phase functions experience a discontinuity of the first kind and one has 
the following matching conditions. 

~'(x, t) = ~"(x i, t) + KliX'(x i, t) + K2i dtp'(xi' t) , i=l,f (1.3) 
dt 

where 

~(x,t) ; q)'(x i,t), tp"(x i,t) 
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Z'(xi, t), q~"(xi, t) and %'(xi, t), X"(xi, t) are the limits of the functions cp(x, t) and Z(x, t) asx --+xi from the 
left and right, respectively, and Kli and K2i(i = 1,--,~) are (n + s) x (n + s) constant coefficient matrices, 
which depend on the form of the applied forces. 

The solution of system (1.1)-(1.3) in the intervals between the points xi with given initial data 
~P0(x, t) is considered in the class of functions which are continuously differentiable with respect to t 
and continuous and differentiable almost everywhere with respect to x; at the points of discontinuity 
xi, Eqs (1.1) are replaced by the matching conditions (1.3) [3]. The trivial solution tp = ~ = 0 corresponds 
to the unperturbed state. 

We shall consider the stability of the solution ~p = ~t = 0 of system (1.1)-(1.3) with respect to two 
measures [4] 

I I f 
P = S  tPrtP dr, P 0 = S  tp1"(x,t)tp(x,t)dx+~, q}"T(xi,t)tO"(xi,t) 

0 0 i=1 

where P0 and P0 constrain the actual and initial perturbations, respectively. 

2. I N V E S T I G A T I O N  OF S T A B I L I T Y  

To solve the problem formulated above, we shall construct a Lyapunov function in the form 

V ~ tpT.Oi(x)tpdx + ~ ,,1" ,, = f~ (J~i' t)O}itP (Xi' t )  
i=l xi_ I i=l 

(2.1) 

W h e r e  1 ) i ~ 1 ~ - 7 - ~ x - ~ 1 ) ,  ¢oi(i = 1--7) are n x n symmetric matrices; the elements of the matrices 
aJi(x)(i ---- ~, F +  i )  are continuous functions, differentiable almost everywhere with respect to x for 
X ~ (Xi_l, Xi);X 0 = 0, Xf+ 1 = 1. 

Using the technique introduced in [2], we find the derivative of the functional V along trajectories 
of the first equation of (1.1), which is 

dt i:1 xi_ I x 

+~0TuiB0W + wrBr0~i~}dr + ~ 2tp"T(xi, t)COi dq/'(xi't) 
i=l d l  

(2.2) 

Following the method of Lagrange multipliers, we add to this derivative the expression 

~, (~rPli+vrP2i) C +D +CotP+DoV dr+ 
i=l xi_ ! 

i:, T ) (2.3) 

which vanishes by virtue of the second equation of (1.1). Here Pli = Pu(x) and P~,. = P~,.(x) 
(i = 1,---f-~i) are as yet arbitrary n x n' and s × s' matrices whose elements are functions that are 
continuous and differentiable almost everywhere with respect to x. The expressions (q)Tpl i  + ~ITp2i) and 
(PI~0 + p r y )  (i = 1,---,-,-,-,-,-,-,-,~7) in parentheses in (2.3) play the role of Lagrange multipliers. 

Integrating by parts, we obtain 

dt i=! xi-i 

 (oiB+ + 
+'d" a,Do + .j 
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a..T b y  r 
+ -~x (A ru i + cTpI r - ~i A - PliC)~ + t n r a r  _ P2iD)¥ + T IL," z2i 

+ ~ T  tf~T"T ~XX} -~x ~,. 2 i - u i B - P l i D ) W + ~ r ( P 2 i C - B r ~ i - D r p i r i )  dr+ 

f dtp"r(xi,t) 
+ ~. 2(p"r (xi,t)O)i t" 

i=1 dt 

f + l  • # T  # 
+ ~, [x'r(xi,t)Qi(xi,t)~ ( x i , t ) -X  (xi-l,t)Qi(xl-l,t)~ (xi-l,t))] 

i=l 

Qi(x)= Br(x)~i(x)+ Dr(x)~r(x) P2i(x)Nx) ' 

~(~iA+PliC) .OiAo _ A ~ i _ p l i C o  _C~Pli r i= I , f + !  
Wi = OX 

Suppose the matrices ui, Pli and P~ satisfy the equations 

1)iA + Pli c = AT1)i + cT pl~, P2i D = DT P2ir 

c ~ i ,  P2iOo + o~ P2~ = ~x ,oiB+ PliD = T T r T c3P3iD 

+ c ;  P2~ = ~x ~)iBo+PlliDo T T ~(loiB+PliO).; xE(xi_l,Xi), i = l , f  +i 

K2iQi(xi)K2i = O, i = l , f  

i = l , f + l  

(2.4) 

(2.5) 

and boundary conditions 

~r (x o, t)Qi (x o, t)~(x o, t) = 0, xr(xf+l, t)Qf ÷j (xl+ I, t)~(x l+ l, t) = 0 (2.6) 

Substituting Z' (xi, t) from Eq. (1.3) and dcp"(xi, t)/dt from the first of equations (1.1) into relation (2.4), 
we obtain 

f+1 ~ / 
dV - ~, tpr (x, t)wig(x, t)dx- ~. ,,r ,, m =  ~ (xi,t)hix (xi,t)+ 
dl i=l xi_ 1 i=1 

f x#T(xi,I)[IRi A RiB[] ~)~"kxi't)'[ ( 2 . 7 )  

+2i___. 3x Ix-,xi+0 

-Qi(xi,t) + Qi+, (x~,t) 

(E is the identity matrix). 
In order that the derivative dV/dt (2.7) should not contain terms with a derivative with respect to x, 

we choose matrices co i (i = 1-7) subject to the condition 
J 

RiA(xi) = RiB(xi) = O, i = l,f (2.8) 

By the Lyapunov function method [5], the trivial solution of system (1.1)-(1.3) will be asymptotically 
stable with respect to the two measures O and P0 if the functional V (2.1) is continuous with respect to 
90 and positive-definite with respect to 13, and its derivative dV/dt is negative-definite with respect to 13. 
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The continuity of the functional V (2.1) with respect to P0 follows directly from the continuity and 
therefore boundedness of the elements of the matrix agi(x) forx ~ (xi_l, xi) (i = 1 , ~ ) .  The remaining 
conditions of this assertion will be satisfied if the matrices o)i and hi are non-negative, and the matrices 
vi(x) and wi(x) are positive-definite for any x ~ (Xi-a, xi), that is 

Oi>~O, hi>~O, i = l , f ;  ~)i(x)>0, Wi(x)>O , XE(Xi_I,Xi), i = l , f  +l (2.9) 

Example. Let us consider the stability of torsional vibrations of an aerofoil with a suspended engine, 
as described by the following equation and boundary conditions in dimensionless form 

J~2Y - f f - - - f (GI~x)-MIy-M2 ~x ,  x~(O,l,,  x ~ x .  (2.10) 
3t2 - -  

y ( O , t ) =  ~y(x,t)[ =0, iirn y(x,t)= lira y ( x , t ) - J ,  
d2y(x,, t)  

~t Ix=l x~x.-O x-~x,-o dt 2 

where 

z z. Golo Jo 
t = t  0 , x = 7 ,  x . = x l = - -  T, Gl=~mkgl2, J=~mkl2 

Mi = Mlo M2 = M20 j ,  = J*o 
mkg ' mkg ' mkl 2 

t o is the time, l is the length of the aerofoil panel, z are the coordinates of the aerofoil points, z .  is the 
coordinate of the place at which the engine is attached, y = y(x, t) is the torsion angle of the aerofoil 
section with coordinate x, g is the acceleration due to gravity, Golo = Golo(x) is the torsional stiffness 
of the aerofoil, mk is the mass of the aerofoil Mlo = Mlo(X) is the coefficient of the linear moment of 
aerodynamic forces, M20 = M20(x) is the coefficient of aerodynamic damping, J.o is the moment of inertia 
of the engine relative to the stiffness axis of the aerofoil and Jo - Jo(x) is the distributed moment of 
inertia of the aerofoil about the stiffness axis. 

Introducing new variables, we write Eqs (2.10) in the form of system (1.1)-(1.3), where 

()y(x, t) = G !  ay(x, t) 
(Pl = y(x,t), q)2 = at ' (p3 ~x 

II °°°:l U ° °rl II°°°ll A= 0 0 l l J  , ,4o= - M ; I J  - M 2 1 J  0 ,  K21= 0 0 0 

0 G! 0 0 0 0 0 - J ,  0 

II II'°°ll C=l l l  0 011, Co= 0 0 1 , r , =  0 1 0 '  F3=IIO 0 111 

and B, Bo, D, Do, 1"2, I'4 and Kaa are zero matrices. Using Eqs (2.4)-(2.8), we construct matrices vi(x), 
f.(x)(i = 1, 2), co and h with the following elements 

.0~,,) = M2 + Mic2 ' ~)~2,) = x)~,2) = Y(x), ~I 3') = X)l '3) = (i-2)Y,(Glc2)  

~122) = Y(x)c 2, x)132) = ~)123) = 2(i-1)(l-x)Y,.l(x)/(Gl),  x)133) = c 2/(GI) 

f/Ol) = 2MI, f / ( 22 )  = 2M2c 2 - 2 J ( x ) + ( i - 1 ) Y , d ( ( 1 - x ) J ( x ) ) / d x  

fi 03) = 2(i - 1)(1 - x)J,M~, f/23) = 2( i -  1)(l - x)J,M 2/(GI) 

fi (33) ---- 2/(GI)  +2(i-1)) ,d((1-x) / (Gl)) /dx,  x~(xi_l,xi),  i = 1.2 

J , = J , / ( ( l - x l ) J ( x l ) ) ;  o)( l l )=j , /c2,  (.0(12) = J, ,  0)(22) = J, c2 

h {33) = 2J. I(Gl(xj )J(x 1 )) 
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Fig. 1 

where~kJ), v!kj), 03(kj) and h (~j) are the elements of the matrices f-, vi, co and h, respectively. The remaining 
elements offi, vi co and h are zero. 

Using the inequality [2] 

1 i 2 
~P3 dx 2S qhZdx ~< S ru inG/!  G'-7 o o ~ ,GI)  u 

f 

and taking into account that the constant ¢2 was chosen arbitrarily, we obtain from relations (2.9) 
following conditions for asymptotic stability of torsional vibrations of the aerofoil 

min M2 >0, 1 + ) , ~ > 0  
X 

rain M I + 4 min (G/)(I + ),~)/(1 + ~]1 + 16J, / J(x I))>O 
X X 

~= min [G/d((I-x)/(Gl))/dx]>O 
x I <x<l 

For an aerofoil of constant profile (GI, J, M~, M 2 = const), the stability conditions are 

M2>0, 1 - ) , > 0 ,  M l + 4 G l ( 1 - f , ) l ( i + ~ l + 1 6 J ,  I J (x  ) )>0  

The figure shows the stability domain defined by these inequalities in the domain of the parameters 
Mt/(GI)  and J,/J(Xl) for different values of xv The hatching is done in the direction of the stability 
domain. It can be seen that if the moment  of inertia of the engine and the distance xl from the point 
of suspension of the engine to cross-section adjacent to the f3aselage are increased, the stability domain 
of the aerofoil will be reduced. 
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